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ON THE EVOLUTION OF SLOW DISPERSAL IN MULTISPECIES
COMMUNITIES*
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Abstract. For any N > 2, we show that there are choices of diffusion rates {d;}}Y; such
that for N competing species which are ecologically identical and have distinct diffusion rates, the
slowest disperser is able to competitively exclude the remainder of the species. In fact, the choices
of such diffusion rates are open in the Hausdorff topology. Our result provides some evidence in
the affirmative direction regarding the conjecture by Dockery et al. in 1998. The main tools include
Morse decomposition of the semiflow and the theory of normalized Floquet principal bundle for linear
parabolic equations. A critical step in the proof is to establish the smooth dependence of the Floquet
bundle on diffusion rate and other coefficients, which may be of independent interest.
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1. Introduction. Many organisms adapt to the surrounding environment
through their dispersal behavior. It is important to determine the circumstances
in which organisms modify their dispersal strategies under the driving forces of evo-
lution. In a pioneering paper, Hastings introduced the point of view of studying the
effect of individual factors on the evolution of dispersal independently, using mathe-
matical modeling [28]. By analyzing the outcome of invasion between two competing
species, assuming they are identical except for their dispersal rates, Hastings showed
that passive diffusion is selected against in an environment that is constant in time
but varies in space. Subsequently, Dockery et al. [21] refined Hastings’ findings via
a more explicit Lotka—Volterra model. They showed that it is impossible for two or
more ecologically identical species, moving randomly at different rates, to coexist at an
equilibrium. When the number of species is equal to two, they determined the global
dynamics of the competition system completely by demonstrating the faster disperser
is always driven to extinction by the slower disperser, regardless of initial conditions.

The work of Hastings and Dockery et al. has been highly influential in prompting
advances in both mathematical and biological aspects of the evolution of dispersal.
In [5] Altenberg showed a reduction principle, which says that the growth bounds for
a certain class of linear operators exhibit monotone dependence on the mixing coef-
ficient. This principle gives a mathematical explanation of the relative proliferative
advantage of slower dispersers in a static but spatially varying environment. It has also
been demonstrated that slow dispersal might not be advantageous if time-periodicity
is included [34].
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The theory of habitat selection can also explain the evolution of slow dispersal
among passive dispersers. As observed by Hastings, passive diffusion transports in-
dividuals from more favorable locations to less favorable ones in an average sense,
rendering passive diffusion to be selected against. The picture is different, however,
if the dispersal is conditional on the local environment. An important class of dis-
persal strategies consists of ones enabling a population to become perfectly aligned
with the heterogeneous resource distribution, thus achieving the so-called ideal free
distribution [26]. In this circumstance, it is shown that such a dispersal strategy is
selected for, in the sense that it is both an evolutionarily stable strategy and a neigh-
borhood invader strategy. See [7, 10, 18, 37] for results on reaction-diffusion models
and [11, 12, 13, 20] for results in other modeling settings.

The work of Hastings and Dockery et al. has also stimulated substantial mathe-
matical analysis of competition models involving two species. We mention the work of
[30, 34, 42, 45] for passive dispersal and [6, 9, 17, 16, 38, 39] for conditional dispersal.
An interesting application concerns the evolution of dispersal in stream populations,
which are subject to a unidirectional drift [51, 56]. It has been shown that in some
circumstances, faster dispersal is sometimes selected for [46, 49]. See also [27, 40, 48].
We also mention the work [36] on the evolution of dispersal in phytoplankton popu-
lations, where individuals compete nonlocally for sunlight.

Most of the existing results are restricted to the case when the number of species
is equal to two. In this case, the theory of monotone dynamical systems [35, 41, 58]
can be applied to determine the global dynamics of the competition system. Results
for three or more competing species are relatively rare [8, 15, 22, 23, 25, 47, 52],
and the question of global dynamics remains an open and challenging problem. In
the following, we will address two conjectures of Dockery et al. concerning a model
involving N competing species, which are identical except for the passive dispersal
rates.

1.1. Two conjectures of Dockery et al. The following Lotka—Volterra model
of N competing species, which are subject to passive dispersal, was introduced by
Dockery et al. [21]:

N
Opui(z,t) = d;Aui(z, t) + ui(x,t) |m(z) — Zuj(x,t) ,
(1.1) J=1
forreQ, t>0,1<i<N,

Opui(z,t) =0 forr €0, t>0,1<¢<N.
These N species are assumed to be identical except for their dispersal rates 0 <
dy < -+ < dy. Here Q is a bounded domain in R™ with smooth boundary 0952,

A= Z;’:l Op,z; is the Laplacian operator, and 9, is the outer-normal derivative on
0. We also assume, for some 5 € (0,1) and € > 0,

(1.2) m(z) € C°T¢(Q) is nonconstant and / mdzx >0,
Q

where CP1¢(Q) is the Hélder space. The function m and the exponent 0 < 8 < 1
will be fixed throughout this paper. In the following we denote

(13)  E;=(0,...,0,04,0,...,0) for 1<i<N and Ey=/(0,...,0)
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to be the corresponding equilibria of (1.1), where for d > 0 the function 6,(x) denotes
the unique positive solution of

(1.4) dABg + Hd(m(x) - Gd) =0 inQ and 0,0, =0 on 9N.

In case N = 2, Dockery et al. obtained a complete description of the dynamics
of (1.1) by applying the abstract tools of monotone dynamical systems.

THEOREM 1.1 ([21, Lemmas 3.9 and 4.1]). Suppose N = 2 and dy < da. Then
every positive solution of (1.1) converges to the equilibrium (04,,0). Furthermore, a
Morse decomposition for Inv KT is given by

M(1) ={E1}, M(Q2)={E}, M(Q3)={E}

Here Inv KT denotes the mazimal bounded invariant set of the dynamical system
generated in K+ = {(u;)Y, € [C()]N : u; > 0} under (1.1).

Roughly speaking, we say that {M (1), M(2), M(3)} is a Morse decomposition of
Inv Kt if every bounded trajectory ~y(t) converges to some equilibrium and that, if
~(t) is defined for ¢ € R, then v(co) C M () and y(—o0) C M(j) for some i < j. The
precise definition of a Morse decomposition will be given in subsection 1.2, after some
related dynamical system concepts are introduced.

When N > 3, it is conjectured in [21] that the slowest disperser continues to win
the competition.

CONJECTURE 1. Let N > 1 and 0 < dy < --- < dn. Then the equilibrium
Ey = (04,,0,...,0) is globally asymptotically stable among all positive solutions of
(1.1).

Another version of the conjecture, also due to Dockery et al., can be formulated
in terms of the concept of Morse decomposition.
CONJECTURE 2. Let N > 1 and0 < dy < --- <dy. Then a Morse decomposition
for Inv K+ is given by
M) ={E;} forl1<i<N and M(N+1)={Ep}.

Define D to be the collection of all finite sets of positive real numbers such that
Conjecture 2 holds, i.e.,

D = U, {(d;), : Conjecture 2 holds.}.

By the result of Dockery et al., the family D contains all singleton and doubleton sets
of positive numbers. Can we say more about D?
We first observe that Conjecture 2 implies Conjecture 1 for any N.

PROPOSITION 1.2. Let 0 < dy < dy < --- < dy be given. If (d;)., € D, then
every interior trajectory of (1.1) converges to E.

Moreover, if N = 3, the two conjectures are equivalent.

PROPOSITION 1.3. Let 0 < dy < dy < d3 be given. Then (d;)?_, € D if and only
if every interior trajectory of (1.1) converges to F.

The goal of this paper is to prove the following stability result, which provides a
step towards an affirmative answer to Conjectures 1 and 2.

THEOREM 1.4. The collection D is open in the space of finite sets relative to the
Hausdorff metric.
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We recall that the Hausdorff metric is given by

distg (A, B) = max {sup inf |z —y|, sup inf |z — y}
rzeAyeB yeEBx€A
for any two nonempty subsets A, B of R. In particular, the collection of finite subsets
of Ry forms a metric space under the Hausdorff metric.
As a corollary, we obtain some global stability results for (1.1) with no restriction
on the number of species V.

COROLLARY 1.5. Given 0 < dy < dy, there exists £ > 0 such that for any integer
N >3 and any (d;)Y, such that 0 < dy < dy < --- < dy, if

(d)iy C (dy —e,di +2) U (dz —e,dy + ),

(i.e., each d; is close to either dy or Jg), then for the problem (1.1) of N species
with diffusion rates (d;)N_,, every positive solution converges to the equilibrium Ey =
(04,,0,...,0) ast — oco.

Proof. Given 0 < di < 622, Theorem 1.1 says that the sets
A1 = {dAl}, A2 = {(ig}, and A3 = {dAl,CZQ}

belong to D. Moreover, Theorem 1.4 says that they are interior points of the collection
D in the Hausdorff sense. Hence, there exists € so that any sets within ¢ distance
from any one of A; belongs to D. By assumption of the corollary, the set (d;)Y; is
within ¢ distance from at least one A;, so it belongs to D. Finally, it follows from
Proposition 1.2 that for the problem (1.1) of N species with diffusion rates (d;)Y ,,
the equilibrium solution F4 attracts all positive solutions. 0

Finally, we also mention that the dynamics of an arbitrary number of competing
species was considered in the paper [11] in the context of patch models, which are
discrete-in-space versions of (1.1). When at least one of the patches is a sink (which
is equivalent to m(z) changing sign in the reaction-diffusion context), it was shown
that the zero disperser can competitively exclude all other species.

1.2. Definitions. For L € N, let X, = [C(Q)]* be the Banach space with norm

ul| = max sup |u;
Jul = mase sup .
and let KZ' be the cone of nonnegative functions in Xj. For simplicity, we will
sometimes suppress the subscript L and simply write X and K+ when it does not
cause confusion.

The Neumann Laplacian operator —A is a sectorial operator with domain

D(-A) = ({ue W>"(Q): Aue C(Q) and dyu=0 on 50},

r>1

and we denote the fractional power of —A by (—A)¢ for some 0 < ¢ < 1 (see [50,
Chapter 2]). It is a standard fact that the reaction-diffusion system (1.1) generates
a semiflow in X, which we will denote here by ¥ : [0,00) X X; i.e., for the solution
u(z,t) of (1.1) it holds that

U(',t+t0) = \P(t,u(~,t0)) for t,to > 0.
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We say that a function v : R — X is a full trajectory if
Yt +tg) = U(t,v(tg)) forallt >0 and ¢y € R.

A subset A of X is an invariant set if every a € A lies on a full trajectory ~(¢)
such that {y(t) : t € R} C A. Let Inv KT denote the maximal bounded invariant
set in KT under (1.1). It is not difficult to see that Inv KT is compact and attracts
every trajectory in K.

Recall also that the w- and a-limit sets of a point ug € Kt are given by

{w(uo) ={ie X : Ut;,up)

up) = @ for some t; — oo},
afug) ={a € X : ¥(t;,ug) - @ for some t; — —oo},

where the latter is well-defined if and only if u lies on a full trajectory.

Next, we define the concept of Morse decomposition, which is relevant in con-
sidering the global dynamics of (1.1). We say that a finite and ordered collection of
disjoint compact invariant subsets of Inv KT,

{M@E)CInvK™T : 1 <i<m},

is a Morse decomposition if, for every ug € K+ \ U™, M (i) with bounded trajectory,
there exists ¢ with 1 < ¢ < m such that w(ug) C M (i), and if u lies on a full trajectory,
then there exists j such that i < j < m and a(ug) C M(j).

1.3. Proofs of Propositions 1.2 and 1.3. First, we recall the statement of
[21, Lemma 3.9]. (See also Lemma 4.3 in this article.)

LEMMA 1.6. Fiz 0 < dy < --+ < dy. For any ug € Int K+, if the trajectory
U(t,ug) converges to an equilibrium, i.e.,

lim U(t,up) = E; for someie€{0,1,2,3,...,N},

t—o0

then necessarily i = 1; i.e., V(t,uo) — E1. Here E; is defined in (1.3).

Proof of Proposition 1.2. Suppose (d;)Y.; € D; then the system (1.1) admits a
Morse decomposition where the Morse sets consist of the (N 4 1) equilbria. Hence,
every internal trajectory converges to an equilibrium E; (see (1.3)). By Lemma 1.6,
it can only converge to Ej. 0

Proof of Proposition 1.3. It suffices to show the converse. Suppose 0 < d; < dy <
ds are given such that all interior trajectories of (1.1) converge to F;. We need to
show that

M) ={E}, MQ2)={E}, M@3)={Es}, M(4)={(0,0,0)}

is a Morse decomposition of the semiflow. By [29, Theorem 3.2 and Remark 4.6], it
suffices to show that {M(j)}]_, forms an acyclic covering of Uy, g+w(uo).

First we show that U}_; M (i) = {E1, E2, F3, Eo} is a covering, namely, U, e g+
w(ug) C {E1, Ea, E3, Eg}. For the trajectories starting at ug € K™\ (Int KT), by the
strong maximum principle, it either enters the Int K for all £ > 0, or there is at least
one component that is identically zero for all ¢ > 0. In the first case, the trajectory
also converges to F. In the second case, the system reduces to the two-species case
so that Theorem 1.1 applies and the solution converges to E;,, where 1 < 45 < 3 is
the smallest integer such that the igth component of ug is nonzero.
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Next, we show that {M(j)}}_, is acyclic, i.e., there is no cycle of fixed points.
Indeed, if E; is chained to E; (i.e., there is a full trajectory connecting from E; to E;),
then the trajectory is a positive solution of either the full three-species system or one
of the two-species subsystems. In either case, we have i > j. This shows acyclicity. It
therefore follows from [29, Theorem 3.2 and Remark 4.6] that any compact internally
chain transitive set is an equilibrium point. Since any omega (resp., alpha) limit set is
internally chain transitive, it can only be one of the F;’s. The proof of the proposition
is completed. ]

1.4. Setting up the proof of Theorem 1.4. Suppose Ny > 1 and a finite
increasing sequence (dy)Y°, € D are given. Consider, for a small £ € (0,d;/2), an
arbitrary N > Ny and arbitrary increasing sequence (d;)X_; such that

(1.5) dist ((di)f\il, (czkw;l) <e.

In other words,

d . .
(1.6) 0< 51 <dy<--<dy and (di)ies, C (dp —e,di +¢)

for some partition {Ik}]kvil of {1,2,...,N}. Note that I; is nonempty for all k, due
o (1.5). We introduce three closely related dynamical systems.

Let @ : [0,00) X KJJ{,O — Kj\',0 be the semiflow operator generated by the unper-
turbed problem of Ny species:

No
(15 ) 8tUk(x,t) = azkAUk(m,t) + Uk(m t) |m(x Z (z,1) for 1 <k < Ny,

0 J=1
AUy (x,t) =0 for 1 <k < Ng.

Let ¢ : [0,00) x KJT, — K]‘{', be the semiflow operator generated by the unperturbed
problem of N species (with repeated diffusion rates):

(Fo)
X N
Opui(x,t) = dgAui(z, t) + ui(x,t) |m(x Z (z,t) forie I, 1 <k < Ny,
8Vui(z,t):0 fori e I, 1 <k < Np.

Let ¢, : [0,00) x K — K3 be the semiflow operator generated by the perturbed
problem of N species (with distinct diffusion rates):

N
(P.) Opui(z,t) = d;jAug(x, t) + ui(x,t) [m(z Z x,t) for 1 <i <N,
£ :
Opui(z,t) =0 for 1 <i<N.
Then, define the projection P : RN — RNo by

(1.7) Pyi,. . yn)lk = Z y; for 1 <k < Ny,
icly
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and denote U = Pu, i.e.,

(1.8) Up:=» u; for1<k< N

i€ly
Remark 1.7. Note that ®(¢, Pug) = Pp(t,ug) for all t > 0 and ug € Ky .

1.5. Outline of the proof. Let (Jk),i\/:‘)l and (d;)Y; be two finite subsets of
R, which are close in Hausdorff topology such that ((fk)szol € D. We need to show
that (d;)Y.; € D by examining the semiflow generated by (P.). The strategy of our
proof is to first obtain a rough Morse decomposition of the flow of (P.) by relating
it to (PO). This is based on the existence of a complete Lyapunov function for the
unperturbed semiflow ® corresponding to the Morse decomposition (section 2) and
some a priori parabolic estimates that imply uniform continuity of the intermediate
and perturbed semiflows (section 3). Then the rough Morse decomposition implies
that every interior trajectory of the perturbed semiflow is ultimately dominated by the
group of slowest dispersers whose diffusion rates are in a neighborhood of dy (section
4). In section 5 and the appendix, we recall the notion of normalized principal Floquet
bundle, which is a generalization of the notion of principal eigenvalue for elliptic or
periodic-parabolic problems, and establish its smooth dependence with respect to the
coefficients of the linear parabolic problem. This is the main technical tool to refine
the Morse decomposition and complete the proof of the main theorem (section 6).
We believe this tool will also be useful in the study of dynamics of general reaction-
diffusion systems which are not necessarily of Lotka—Volterra type; see, e.g., [14].
Some concluding remarks are presented in section 7.

2. The complete Lyapunov function for the unperturbed semiflow ®.
Since (cfk)ivil € D, i.e., the semiflow ® generated by (Py) admits a Morse decompo-
sition {M(k)}r°1!, the classical theorem due to Conley [19, Chapter II, Result 6B]
(see also [31, 54, 57] and [21, Remark 1]) guarantees the existence of a continuous
function V : U’ — R, in some neighborhood U’ of Inv K relative to K, with the
following properties:

o M(k) e V-Y(k) for each k =1,..., Nog + 1.
o If &([0,7),Up) C [U'\ Up° T M ()], then

(2.1) V(Uo) > V(®(t,Uy)) for all t € (0,T).

By Remark 1.7, the function V o P is a Lyapunov function of the semiflow ¢, which
is generated by (Fp). It will be the main tool allowing us to control and compare the
dynamics generated by the three semiflows given in subsection 1.4. In the following,
we recall [21, Lemma 4.4].

LEMMA 2.1. For givenp < 621 < e < CZNO, consider the semigroup operator ®
generated by the problem (Py). For any r > 0 and p > 0, there exist T > 0 and a
neighborhood U of Tnv Kt contained in U’ such that if ®(t,Uy) is a solution of (Pp)
such that

®([0,4],Up) C U\ [UkNgle,.(M(k))} for some t > T,

then
V(Uo) = V(®(t, Vo)) > p.
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Proof. Let r > 0 and p > 0 be given. We first prove that there exists a neigbor-
hood U of Inv K+ such that

(2.2) i = inf [V(Up) — V(®(1,Up)] > 0,
where the infimum is taken over all initial data Uy satisfying
®([0,1], Up) C U\ {Uffler(M(k))} .

Suppose to the contrary that (2.2) fails for every neighborhood U of Inv KT; then
there exist sequences {U™} C U and {p,} C (0,00) such that

o([0,1],U™) c U’ \ [UQQTIBT(M(k))} . dist(U", InvEKT) = 0,  pn — 0,
and
(2.3) V({U") = V(2(L,U")) < pin.
By the compactness of Inv K, we may pass to a subsequence so that
Ur T evk™\ [U,QVQIBT(M(k)) .
By continuous dependence on initial data on the compact time interval [0, 1], we have
®([0,1],U) € Inv Kt \ [Up° ' B,.(M(k))], and hence
0<V(U)-V(®(1,U)) = ILm (vom) =v(@el,um)) < ILm tn =0,

a contradiction. This shows the existence of a neighborhood U of Inv KT and a
positive number 7 > 0 such that (2.2) holds.

Finally, observe that for given u > 0, if u € (0, 1], then we can take T'= 1 and

(2.2) implies the desired conclusion. In case p > fi, it suffices to choose T to be an
integer such that g7 > p. ]

3. Uniform continuity of the intermediate semiflow ¢ and perturbed
semiflow .. Recall that ¢ is the semiflow generated by (P,) with diffusion rates
(aAlk)kNil, and ¢, is the semiflow generated by (P.) with diffusion rates (d;)¥_; satisfying
N > Ny and (1.6). The purpose of this section is to establish some parabolic estimates
and show that the trajectories of ¢ and ¢. stay close in any finite time interval. (In
the following, || - || = || - lo@) or [ - [ljo@) for some n, unless otherwise specified.)

LeEMMA 3.1. Let (u;), be a nonnegative solution of (P.) or (Py); then

N N
sup ) [Jui(+, )] p1() < max {Z i (-, 0| L1 o) |Q|supm}
t205 i=1 Q@
and
N
limsupz llui (-, )| L1 () < 2|92 supm.
t—o00 i1 Q

In particular, the set N, given by

N
3.1 N=_ueK": U; < 2|Q|supm y,
(3.1) { D il i) < 219 up }

=1

is open in X and forward-invariant with respect to both (Py) and (P.), and hence
contains the respective mazimal bounded invariant sets Inv K+ and Inv K.
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Proof. Integrate (P:) over Q and sum over 1 < i < N; we have

2

PRI N N
ZIXuen| =Y meut| Y wen|
i=1 L1(Q) i=1 L1(Q) i=1 L2(Q)
N LIy 2
S (Supm) Zuz(at) - 6 Zuz(at) 5
Q i=1 L'(Q) 1] i=1 L'(Q)

where we used the Cauchy—Schwarz inequality for the last inequality. The assertions
follow from the properties of the solution to the logistic-type ODE. a0

LEMMA 3.2. Let (;)Y., (resp., (u;)Y.;) be a nonnegative solution of (Py) (resp.,
(P.)) with initial data in N'. There exist o € (8,1) and Cy = Cy((dy)2°,,Q,m) (but
otherwise independent of N > N and (d;)N_, satisfying (1.6) for some e € (0,d1/2))
such that

N N
32) Y lillorrearorz@xqiee + 2 Nillorieate 2@y < Cr

i=1 i=1

where C*/2 is the usual parabolic Hélder space with exponent (see, e.g., [43,
Chapter TV 1]).

Proof. By Lemma 3.1, we have

N

sup > lluillz @xe- 141y < 4/€ supm.
t X
>1

Since dyu; — d; Au; < m(x)u;, we can apply the local maximum principle [43, Chapter
VI, Theorem 7.36] to deduce that

3.3 sup [|w;illyeeimors < C'sup ||u; _ .
(3.3) t211)|| l Qx[t—1/2,t+1]) t211)|| 21 (@x[t—1,041))

It is essential that we have dropped the nonlinear terms involving u;u; and work with
the differential inequality when applying the local maximum principal for strong sub-
solutions. In this way, the constant in (3.3) can be chosen independently of initial
data.

By applying a parabolic L? estimate to the parabolic equation Jyu; — d;Au; =
(m(x) — > u;)u; (which can now be regarded as a linear parabolic equation of u; with
L*> bounded coefficients) and by the Sobolev embedding theorem, the above can be
improved to

(3.4) sSup ||Uz‘||cl+a,(1+a)/2(ﬁx[t,HH) < C'sup Hui”Ll(Qx[tfl,tJrl])-
t>1 t>1

And the desired conclusion follows by summing ¢ from 1 to IV;

N

N
Z Hui||C1+0"(1+O‘)/2(§X[170C)) S C/ i];llfz ||uz||L1(QX[t71,t+1]) S C”.
= 2l

Since d; are uniformly bounded from above and below from zero, the constants
C,C’,C" in the above estimates can be chosen to be independent of N and (d;);.
This completes the proof. 0
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In summary, we have the following.

COROLLARY 3.3. Fiz 0 < dy < --- < dn,, € € (0,d1/2), and consider arbitrary
N > Ny and (d;)Y.; satisfying (1.6). Then we have

(InVK+ UIanj) CN,

where ITnv K+ and Inv KX are the invariant sets generated by (Py) and (P:), respec-
tively. Furthermore, there exists Co (dependent on dy, but independent of ¢ € (0,dy/2),
N, and d;) such that for any solution w of (P:) (resp., 4 of (Pp)) with initial data
ug € (1L, N) U p(1,N), we have

(3.5) ZHUZ ) ||c(Q)+Z||Uz ) ”C(Q <Co fort=0
and

N
(3.6) D =2 Pui( D)l e < Col+t7Y2) - fort > 0.

Proof. Fix initial data ug € (1, N)Up<(1,N). The first assertion is contained in
Lemma 3.1. Next, by Lemma 3.2, there exists C; depending on (dj)p°,,Q, and m(z)
but independent of N and (d;)Y¥; such that (here (ug); denotes the jth components

of UO)
N

Z [(wo)jllc@ <C1 and  Oyug=0 on 0.

=1

We claim that

sup Z [lu; (-, HC(Q) < CesPam™,

Indeed, by using the differential inequality
Opu; — diAu; < (supm)u;  in Q x [0, 00),

Q
(3.7) Oyu; =0 on 99 x [0, 00),

u;(2,0) = (ug)i(x) in Q,
we can compare each u; with the supersolution @; of (3.7), given by
w;(x,t) := e(suPo m)tH(uo)iHC@) in 2 x [0, 00),
to deduce that
i Dl < €™ [ wodillo,  for t € [0,1]

Hence we have

sup leuz e S”p“mZII uo)jllo@ < Cre™e™.

0<t< 15
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Combining with (3.2), we deduce the boundedness of sup, Zf\il [[wi(+, )|l o) - Since

the proof for the boundedness of sup;> vazl [4; ()|l ¢y 1s similar, we omit the
proof. This establishes (3.5).

Finally, we observe that each u; satisfies a nonautonomous linear parabolic equa-
tion with regular coefficients, so that (3.6) follows from [50, equation (5.1.55) in
Theorem 5.1.17]. o

Recalling that ¢ (resp., ¢.) is the semiflow generated by (Fy) (resp., (P:)), we
now prove the main theorem of this section.

PROPOSITION 3.4. Fiz (cfk)ivil € D. For eachT > 0 and n > 0, there exists €1
such that for e € (0,€1), and arbitrary N > Ny and (d;)N., satisfying (1.6), we have

(3.8) sup||Po(t,ug) — Poe(t,uo)l| <m  for 0<t<T,
ug

where the supremum is taken over all ug € @(1,N) U p-(1,N), P is the projection
operator given in (1.7), and the open set N is defined in (3.1).

Proof. Let Inv K (resp., Inv K) denote the maximal invariant set in K of the
semiflow ¢ generated by (Pp) (resp., the semiflow ¢, generated by (P.)). Let N be
the neighborhood of Inv K+ specified by (3.1).

Let (1;)Y, = ¢(t,uo) and (u;)Y; = ¢ (t,ug). Since ug € p(1,N) U . (1,N), we
can apply Corollary 3.3 so that the estimates (3.5) and (3.6) hold for some constant
Cy that is independent of N.

We will estimate w; by the variation of constants formula. Recall the partition
{1}, of {1,2,..., N} given in (1.6). For i € I, we have

() = et A (ug), te(t_s)”zkA w;(8)(m — N wi(s ds
t() (0)Z+ o 1( )( Z J( )) )

wi(t) = et A (up); te(tfs)i’“A u;(s)(m — 3 u;(s ds
0 (uo)i + | i(5)m =3 uy(s)

t )
+(d; — cik)/ etk Ay (s) ds.
0

Denoting U = Pii, U = Pu, and W as

Up=Y i, Up=Y_ u, szzdi;dkui, for 1 <k < Ny,

i€l i€l i€l

and then adding (3.9) over i € Iy, we deduce

N t R No
Ou(t) =)+ [ 93 |Ou(s)m — 3 D) |
0 —
A t eﬁ;
(3.10) Ui(t) = e"®2(Up)s + / I Up(s)(m — Y Ui(s)) | ds
0 =1
t .
—|—€/ (=AW, (5) ds.

0
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Denoting Qx(t) = Ux(t) — Uy(t), then subtracting the first equation of (3.10) from
the second equation, we have

Qr(t) = /Ot elt=)da [Uk ZUé k(s)(m — ij:ﬁz(é’))} ds

t .
+€/ (=AW, (s) ds
0

Now, by (3.5), we have
t No

No
NIAGI gcl/ > 1Qu(s) ] ds
k=1

where we have used the uniform boundedness of trajectories in X. Moreover, by (3.6)
of Corollary 3.3, we have

ZHIz ||<ZZId _dk|/ et (— AV 2 (= 2) 2wy ()| ds

k=11i€ly

<3 [ one— 97 oy us)| as
3 0

where the constant C can be chosen to be uniform for ¢ € [0, T]. Note that we used
S Sier, = ik, and that [|e*=99A (= A)V/2|| < Ot —s)~1/2 (see [50, Chapter
2]) to derive the first inequality. Then,

No [t No ¢ N
S l@s®l < Cr /Zuczk s = [ )72 5 -8 2 1
k=1 L =1
o
< /tZ|Qk |d5+€/t(t—s)—1/2(1+s—1/2)d81
0
[+t No
<Cr /ZHQk Mds+el,

where we used (3.6) for the second inequality. Hence, by Gronwall’s inequality, we
have

0
(3.11) sup > [|Qu(t)]| < eCre”Cr = £CY.
0<t<T 13
This proves Proposition 3.4. O

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/07/21 to 129.171.249.144 Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

ON THE EVOLUTION OF SLOW DISPERSAL 4945

4. Rough estimates for the perturbed semiflow.

DEFINITION 4.1. Let d > 0 and h € L°°(Q), and define ji(d, h) to be the principal
etgenvalue of
(4.1) dAY + h(x)p + i) =0 in Q and d,i) =0 on .

LEMMA 4.2. Let 9qp1 be the derivative of py with respect to d; then Ogui > 0.
Furthermore, if h is nonconstant, then Oguq > 0 for all d > 0.

Proof. Indeed, if we differentiate (4.1) with respect to d (and denote the derivative
as’), we get

—dAY — W) — A = ) + @l in Q,
6u1&, - 0 on 89

Multiplying the above by 1/; and integrating by parts, we obtain
0 [ Vifde=i [ i o
Q Q

Finally, note that the strict inequality follows from the fact that h is nonconstant, so
that v is also nonconstant. O

The following is adapted from [21, Lemma 3.9].
LEMMA 4.3. Fiz (dk)gil. There exists § > 0 such that for any e € (0, min{d, /2,

(dz — 621)/2}) and any ug € Int Kt, the omega limit set w(ug,p:) of ug under the
semiflow of (P.) satisfies

Pw(ug, pe) ¢ Bs(M (ko))  for any ko € {2,...,No + 1}.

Proof. Suppose to the contrary that there is kg € {2,..., Ny + 1} such that for
each § > 0, there is Tp > 1 such that the solution (u;)Y.; = ¢.(¢,ug) satisfies

(4.2) Pee([To, ), u0) C Bs(M (ko))

Define h(z,t) == m(z) — SN uj(z,t) and

j=1

No
= inf _ N )
hé(m) (ﬂk)EBlil(M(ko)) (m(x) Zl%(l‘)) ;

then h(z,t) > hs(x) for all ¢ > Ty. We claim that py(dy, hs) < 0 for all sufficiently
small J.

We first discuss the case 2 < ky < Ng + 1. By continuity, it suffices to show that
w1 (dy,m — chko) < 0. Since dy < (fko (as dq < di+e<ds < dko), we can apply the
classical fact that pq is strictly increasing in d (Lemma 4.2) to deduce that

pa(di,m — Hgko) < ,u1(dd*k0,m—9A ) =0,

dkO

where the last equality holds since 0 is the eigenvalue with a positive eigenfunction
Gdko (x)

In case kg = Np + 1, it suffices to show that uq(dy,m) < 0. Indeed, if ¢ > 0 is
the principal eigenfunction of pq(dy, m), then

d1AY +map + py(di,m)yy =0 in Q and 9,9 =0 on 9N
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Dividing the above by ¥ and integrate by parts, we have

V|2
o ¥?
Since (i) [, mdz > 0 and (ii) m(z), and thus ¢ (z), is nonconstant, we deduce from

(4.3) that p(dy,m) < 0.
In conclusion, there exists & > 0 such that the principal eigenvalue A of

(4.3) dy dx —|—/ mdzx + pq1(dy,m)|Q] = 0.
Q

d1AY + hs(x)p + A =0 in Q and 9,9 =0 on 9N

is negative. We also normalize the corresponding positive eigenfunction 1 to ensure
infq ¢ = 1. Now, since h(x,t) > hs(x), we can show that uy(z,t) and

uq (z,t) = 256_’\(t_t°)1/1(sc),

where ty € [Ty, 00) is to be specified, together form a pair of super- and subsolutions
of the linear parabolic equation

Ow — diAw = h(z,t)w  in Q x [Ty, 0),

under the Neumann boundary condition. By taking tg > Tj sufficiently large, we
have also uq(x, To) > uy(x,Tp). By the method of sub- and supersolutions, uq(x,t) >
wuq (z,t) for all t > Ty. However, when t = t(, we have

ui(x,tg) > 209(x) > 25 for all x € €,

but this contradicts (4.2) when ¢ = t. d
The next result is inspired by the proof of [21, Theorem 4.2].

PROPOSITION 4.4. Given (cfk),ivzol € D and a sufficiently small r > 0, there exists
e > 0 such that for any N > Ny and (d;)Y_; such that (1.6) holds, and any positive
solution u of (P:), we have

(4.4) lim sup

t—o00

< 2r.

N
Z ui(" t) - 9621
=1

Proof. Tt suffices to prove (4.4) for sufficiently small » > 0. Let ¢ (resp., ©¢)
be the semiflow operator corresponding to (FPy) (resp., (P-)), and denote its maximal
bounded invariant set to be Inv KT (resp., Inv K). Let V be the Lyapunov function
that is given in section 2. Fix y = 3/4 and r € (0,min{1/4,6/2}) small enough (with
d given by Lemma 4.3) so that

- 1 .
(4.5) [V(U)-V(U) < 1 if U,U € By (M(k)) for some 1 <k < Ny + 1.
Since V(M (k)) = k, it follows that

1 1
(4.6) V(Bar(M(k))) C (k; v k+ 4) for each k.

Having chosen p and r, we then choose T' > 1 and U so that the conclusion of Lemma
2.1 holds. (Since Inv K* UInv K C N, we can also assume that & C N.)
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CLAIM 1. There exists 1 € (0,dy/2) such that for alle € (0,21) and any N > Ny
and (d;)N., satisfying (1.6), we have

(Plnv KT)U (PInv K) C U.

Let F. := ¢.(1,N). By Lemma 3.2, we can choose a compact set Fy in [C/(Q)]Ne
such that PF. C F. Since U is a neighborhood of the maximal bounded invariant set
of the Ny-species problem (If’o), there exists a finite time T > 1 such that ®(Tp, Fy) C
U. We emphasize that F and Tj can be chosen uniformly over all N > Ny and (ali)zN:1
satisfying (1.6).

By Remark 1.7 and PF. C Fy, we have

PQO(T(),FE) = (I)(T07PF5) C (I)(To,Fo) cUu.

Also, since ®(Ty, Fp) is compact (as Fy is compact) and U is open, there exists 7 > 0
(again independent of N and (d;)¥;) such that

dist(®(To, Fo), [C(Q)]¥ \U) = 1.

We can then apply Proposition 3.4 to choose £; > 0 so small that for any € € (0,&1),
N > Ny, and (d;)¥, satisfying (1.6), we have Py, (Tp, F.) C U. And hence,

Plnv KX C Po.(To + 1,N) = P (To, F.) C U,

where the first inclusion is due to the last part of Lemma 3.1, while the equality is
due to F. = p(1,N') and semigroup property. This proves the claim.

Next, by Proposition 3.4, there exists g5 € (0,£71) such that for all € € (0,e2) and
uh € (1, M)Up:(1,N), we have (recall the choice of T in the beginning of the proof)

(4.7) S [Po(t, up) — Peoe(t,ug)|| <,

and, provided Pp([0, 277, uj) C U and Ppe([0,2T7], uj) C U, that

(4.8) sup [[V(Pe(t, ug)) = V(Pee(t, up))|| <

I
o<t<2T 3

Now, fix an arbitrary trajectory . (t,up) of (P.) with initial data wuy being an
interior point of K. We will show (4.4). By Claim 1, we may perform a translation
in time and assume without loss of generality that

Po(t,ug) €U, and Pe(t,ug) el forallt>0.

CramM 2. Let e € (0,e2). Suppose there is t; > 1 such that

1
(4.9) V(Ppe(ti,ug)) = k1 +§ for some k1 € {1,...,No+ 1};
then
3

(4.10) sup  V(Pee(t,ug)) < ki + -

ti<t<t1+T 4
and

1

(4.11) V(Ppe(ta, uo)) < k1 + 3 for some ts € (t1,t1 + 7).
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Denote uy = ¢c(t1,u). Then (4.5) and (4.9) imply Pu) & Un° ' B.(M(k)).
Then, we have

=

3

V(Peu(tup)) < V(Po(tup)) + £ S V(Pup) + 5 = ky + 7 for t e [0.7),
where the first inequality is due to (4.8) and the second one is due to Pp(t, uj) =
®(t, Puy) and the property of Lyapunov function. This proves (4.10).

Next, we show (4.11) by dividing into two cases:

(i) Pe([0,T7],up) N [U;&OTB r(M(K))] = 0.

(it) Py((0,T], up) N [Up2] " By (M (k)] # 0.
In case (i), we use (4.8) and then Lemma 2.1 to obtain
B vpuy) — 2 g
3 3
In case (ii), there is an integer &} and ¢] € (0,T] such that Po(t],uy) € B.(M(k})).
Furthermore, since V' is decreasing along trajectories of ® = Py, we have kj < k.
Then,

V(Pee(T, up)) < V(Po(T, ug)) +

where the first and second inequalities are due to (4. 8) and (4.5), respectively. This
proves (4.11) and completes the proof of Claim 2.

CLAIM 3. For e € (0,e3), there exist ko and T, such that

1 3
(4.12) ko — 5 < V(Ppe(t,uo)) < ko + 1 for allt > T..

Remark 4.5. Tt follows from (4.6) and (4.12) that for ¢t > T., we have P (t, ug) ¢
B, (M (k)) for any k # ko.

Define
1
ko = min{k e N : V(Pye(to,up)) < k+ 3 for some tg > 1} )

By construction, V(Py.(t, ug)) > (kg — 1) +1/2 for all ¢ > 1, and the lower bound of
(4.12) holds. Moreover, there is 7. > 1 such that V(Pep.(T.,up)) < ko + 3. Denote,
for simplicity, uj = ¢-(Te, ug). Suppose to the contrary that

3
V(Pee(ts, ug) > ko + 1 for some t3 > 0.
Define the set .
S = {t € [Oat3) : V(’Psﬁs(tg,ué)) S kO + 2} N

then S is nonempty since 0 € S. Let ¢4, = sup S. By (4.10) we have t3 — t4 > T. By
(4.11), we have t5 € (t4,t3) such that ¢; € S. This contradicts the definition of 4.
This proves (4.12).

CrAIM 4. There exists €3 € (0,e2) such that if ¢ € (0,e3), for any ug € Int K+
with certain ko guaranteed by Claim 3, it follows that

(4.13) Peo(ug, p.) © Bar(M (ko).
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Suppose to the contrary that there is a certain 1 < ky < Np+1, a sequence € — 0,
and N = N¢ and (d5)YY; and ug = u§ such that the conclusions of Claim 3 hold for
that ko but (4.13) is false. Let ve = oo (T:, uf). Then Pw(ve, pe) ¢ Bar(M(ko)). Let
we € w(ve, @e) such that Pw, & Ba,. (M (ko)).

Thanks to the a priori estimates developed in Lemma 3.2, {Pw.} belongs to a
compact set. Therefore, we can pass to a sequence ¢ — 0 such that Pw. — w.
Taking (4.12) into account,

1
ko — 3 < V(Ppe(t,we)) < ko + % for all t € R.

As a result, we have W € Inv K+ and ko — 1 < V(®(R, W) < ko + 3. where we
implicitly used the observation in Remark 1.7. However, since M (k) is the maximal
invariant set in

{T/VGInVK"':ko—;<V(VV)<]€0-|-3}7

we are led to the conclusion that {W} = M (ko). This is a contradiction since W ¢
By, (M(ko)). The proves Claim 4.

Now, in view of Lemma 4.3, Pw(ug,¢:) ¢ Bar(M(k)) for all £ > 1. Hence, for
any ug € Int K, (4.13) holds with ko = 1. Since M (1) = {(6;,,0,...,0)}, this means

lim sup HPQ@E(t,uo) —(04,,0,..., O)H < 2r.
t—o00

This proves (4.4) and completes the proof of the proposition. d

5. The normalized principal Floquet bundle. In this section, we recall the
notion of a normalized principal Floquet bundle (see [55]), which is a generalization
of the notion of principal eigenfunction of an elliptic, or periodic-parabolic operator.
We give a theorem concerning its smooth dependence on parameters. This property
will be crucial in the proof of Theorem 1.4.

5.1. The normalized principal Floquet bundle. Given d > 0 and h(z,t) €
CPBI2(Q x R), we say that the pair (¢;(x,t), H(t)) is the corresponding normalized
principal Floquet bundle if it satisfies

(5.1)
5‘#111(%75) - dA¢1(I,t) - h(fE,t)t/}l(I,t) = Hl(t)¢1(x,t) for z € Qa te ]Ra
Oth1(z,t) =0 for x € 0Q, t € R,
/¢1($7t)d$=1 for t € R,

Q
Y1(z,t) >0 forx € Q, t € R.

The existence and uniqueness of (¢1(x,t), H1(t)) are recalled in Theorem A.1.

Remark 5.1. If h(z,t) = h(x) for some time-independent function h, then t; and
H, are time-independent and coincide with the principal eigenfunction and principal

eigenvalue (¢(z), it) of
(5.2) —dAY) —h(z)yp =iy nQ, 9P =0 ondN.

The main result of this section is the smooth dependence of the principal Floquet
bundle on the coefficients.
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PROPOSITION 5.2. The normalized principal Floquet bundle, as a mapping

7(d7h’) = (¢17H1)» -
Ry x CPP2([QxR) — C*AIHBA2(Q x R) x CP/2(R),

is smooth.

Since the proof of Proposition 5.2 is self-contained, we will postpone it to the
appendix. See Proposition A.4 for details. Next, let us recall that 0 < 8 < 1 is fixed
throughout the paper by (1.2).

COROLLARY 5.3. Let § > 0, and let h(x) € CP(Q) be a nonconstant function that

depends on x only. There exists 0 < r’ < 1 such that for any d > 0 and any function
h(z,t) € CPBI2(Q x R), if

(5.3) §<d<1/6, |h—hllgesm@ur <7

then the partial derivative OqH1(t) of Hi(t), with respect to the diffusion coefficient
d, satisfies

inf O4H, (t) > 7'

teR

Proof. Denote by (¢ (x,t;d, h), Hi(t; d, h)) the normalized principal Floquet bun-
dle satisfying (5.1) for some constant d > 0 and function h. By Remark 5.1, we see
that

(1 (@, t:d, h), Hi(t:d, h) = (d(@), ),
where (¢)(x), /i) is the principal eigenpair of (5.2).
By Lemma 4.2, 9441 > 0 for all d > 0. In particular,

== inf Q940 > 0.
0T gy

Now it follows from Proposition 5.2 that there exists 7 € (0,7/2) such that if (5.3)
holds, then

- . T
04H1 (- d, h) — OaH1 (53 d, h) || cosr2@xmry = [10aH1 (5 d, h) — Oafill cpsre@xmry < 50
Hence ro 7o
. ) S ToTo :
tlgﬂf{{@dHl(t,d,h) > Ogft 5 5 ford <d<1/d

This proves the corollary. 0

6. Completion of the proof of main theorem. Recall that m € CP*< (),
where 0 < f<land 0<eée <1-— 4.

PROPOSITION 6.1. Given & > 0 and a nonconstant function h(z) € CP+< (Q) that
depends on = only, there exists vy > 0 such that for any N € N and (d;)Y_; satisfying

1
5<d1<--~<dN<5,

if a positive solution u of (1.1) satisfies

N
(6.1) lim sup (m - Z“i('vt)> —h <ry,
t—o0 i—1 @)
then w — (64,,0,...,0) as t — oo.
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Before we give the proof of Proposition 6.1, an immediate consequence can be
stated as follows: If

Pw(ug, pe) C Br, (M(k)) for some k,
then w(ug, ) = {(04,,0,...,0)}. Compare this with Lemma 1.6 of this article, which
is proved in Dockery et al. [21].

COROLLARY 6.2. Given constants 0 < dy < --- < dy, such that (dy)n°, € D,
there exists ro > 0 such that for any N € N and (d;)Y_, satisfying

~ 14
O<di<--<dy and disty ((di)ﬁil, (dk)kNgl) < 3,

if a positive solution u of (P-) satisfies (4.4) with r = r9, then u — (04,,0,...,0) as
t — 00.

Proof of Corollary 6.2. To apply Proposition 6.1, it suffices to check that, for
each d > 0, the function h(xz) = m(x) — 6;(x) is nonconstant in x. Suppose to the
contrary that m(x) — 0;(x) = A for some constant X\. Then

dA0;+X20; =0 in Q and 9,0; =0 on 99,

ie., )\/a? is an eigenvalue of the Laplacian operator in the domain 2 subject to the
Neumann boundary condition. Since 6; constitutes a positive eigenfunction, it must
be the case that A = 0 and 6; = C for some constant C. However, this implies that
m(x) = 0; = C as well. This is a contradiction to the standing assumption that m(x)
is a nonconstant function. ]

Proof of Proposition 6.1. Given § > 0 and h(x) € CP+<(Q), let 0 < ' < 1 be as
given in Corollary 5.3. We claim that there is 0 < 71 < 1, depending on 7/, such that
if a positive solution u of (1.1) satisfies (6.1) with such an 7, then

N ~
(m— E ui(-,t)> —h
i=1

Indeed, the fact that m(z), h(z) € CP+< () and the a priori estimate (3.2) in Lemma
3.2 together imply that

()

By interpolating with (6.1), we can show that

N
(2
i=1 CBBI2(Qx[t,t+1])
N Y
(m(m) - Zm) —h

<.

CB:BI2(Qx[t,t+1])

(6.2) lim sup

t—o0

<C.
cﬁ+e’,(B+e’)/2(§>< [1,00))

<C <Cr] fort>1,

i=1 C(Qx[t,t+1])

where C' and v = €¢//(8 + €’) are positive constants in the interpolation inequality.
Hence, we deduce (6.2) upon taking r, € (0, (+'/C)'/7].
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Next, define h(x,t) = m(z) — Zjvzl uj(z,t). After an appropriate translation in
time, we may assume without loss of generality that

(6.3) G 8) = ()l s.or2@x 0,00y < 7'

Extend h(x,t) evenly in ¢, so that it is defined for (z,t) € Q x R. Let ¢ (x,¢;d, h)
and Hi(t;d, h) be the normalized principal Floquet bundle guaranteed by section 5.
By an application of Corollary 5.3, we have for any d € [§,1/4],

6.4 inf 4H,(t;d, h) >r" > 0.
(6.4) tHEIRd1(,,)_T>
For each ¢, we claim that there is ¢; > ¢; > 0 such that
(65) Qie_ fot H(sdi,h) dswl (1’, t; div h) < u; (xv t) <Ge fot Hy(sidih) d5¢1 (fE, t; div h)

for (z,t) € Q x [0,00).

Indeed, the left- and right-hand sides of (6.5) satisfy the same equation as u;.
Hence we can choose ¢; large enough and ¢, small enough to deduce (6.5) from the
classical comparison theorem of linear parabolic equations in the domain Q X [0, 00).
This proves (6.5).

By (6.4), we have

Hl(t,dl,h) 7H1(t;d1,h) Z (dl 7d1)7"l >0 for all 2 § 1 S N, teR.

Next, we claim

1
(6.6) Fgwl(a:,t;d,h)gCg in xR, dels1/0].

s
Indeed, each v, satisfies a linear heat equation with Neumann boundary condition
and L*™ bounded coefficients. By [32, Theorem 2.5], there is a constant C depending
on 4, ||h]| (@ xr) but independent of £ € R and d € [§,1/0] such that

sup ¥1(z, t;d, h) < C inf ¥y (z,t;d, h).
€N €

Combining with the normalization [, v1(x,t;d,h)dz = 1, we deduce the estimate
(6.6).
Using (6.4) and (6.6), we derive from (6.5) that, for i > 1,

wl(l‘7t; d’ia h)
1/11($»t; dlv h)

ui(x,t)

up(z,t)

t

<o (= [ i) - s ds)
0

< Cexp(—(d; —dy)r't) >0 ast— oco.

Since we also have limsup,_, [|ui(-,t)|] < Cy (by Lemma 3.2), we deduce that
u; — 0 uniformly for ¢ = 2,..,N. Hence the semiflow . generated by (P:) is as-
ymptotic to the single-species model consisting of only the first species u;. Since the
trivial solution is repelling by our assumptions [, m dz > 0 and m is nonconstant (see
Lemma 4.3), we deduce that u; — 64, uniformly as t — oo. |

Recall that a subset A of KT is said to be internally chain transitive with respect
to the semiflow ¢ if, for two points ug,vg € A and any 6 > 0, T' > 0, there is a finite
sequence

Csr = {U(l) =ug,u?, ... ul™ = Uo;t1,~~~,tmf1}
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with u() € A and t; > T such that |p(t;,u)) —uU+D| < §forall 1 <i <m — 1.
The sequence Cs 1 is called a (4, T)-chain connecting ug and vy.

Let E,E’ be two equilibrium points. F is said to be chained to E’, written as
E — FE', if there exists a full trajectory ¢(¢,ug) (though some ug distinct from E, E")
such that a(ug, ¢) = E and w(ug, ) = E’. We recall that E; denotes the equilibrium
(0,...,0,04,,0,...,0) of the semiflow ¢..

Proof of Theorem 1.4. Let {cfk}évil € D. Then let 2 > 0 be given by Corollary
6.2. By Proposition 4.4, there exists € € (0, cil/Z) such that for any N € N and any
choice of diffusion rates (d;)N., such that disty((d;),(dy)) < &, the estimate (4.4)
with r = 75 holds for all positive solutions. Hence by Corollary 6.2, the equilibrium
E; attracts all solutions of (1.1) with initial data in Int K.

It remains to verify that (d;)Y; € D, i.e., that the semiflow ¢. generated by (P:)
admits the desired Morse decomposition. We will repeat the proof of Proposition 1.3.
To do that, we need to show that (i) Uy,,ex+w(uo) C {E;}-h" and (ii) there is no
cycle of fixed points.

To prove (i), it remains to consider a trajectory starting at some ug € KT\
(Int K*). By the strong maximum principle, it either enters the Int KT for all ¢ > 0,
or there is at least one component that is identically zero for all t > 0. In the first
case, the trajectory also converges to Ep. In the second case, it suffices to repeat
the proofs for a suitable subset (d;) of (d;), to deduce again the convergence to the
equilibrium FE;,, where ig is the smallest integer such that the ¢gth component of ug
is nonzero. This proves (i). Next, we prove (ii), i.e., there is no cycle of fixed points.
Indeed, if Fj; is chained to Ej, then necessarily ¢ > j.

It therefore follows from [29, Theorem 3.2 and Remark 4.6] that any compact
internally chain transitive set is an equilibrium point. Since any omega (resp., alpha)
limit set is internally chain transitive, it can only be one of the E;.

In conclusion, for any choice of diffusion rates (d;)¥; that is sufficiently close to
(czk) in the Hausdorff sense, the set of equilibria with the obvious ordering gives a
Morse decomposition of the dynamics of (P.). This means (d;)., € D. 0

7. Conclusion. In his seminal paper [28], Hastings showed that for two com-
peting species that are ecologically identical but having distinct diffusion rates, the
slower disperser can invade the faster disperser when rare, but not vice versa. Later,
Dockery et al. [21] proved that the slower disperser always competitively excludes the
faster disperser, regardless of initial conditions, and conjectured that the same is true
for any number of species.

In this paper, we show that for any number of competing species which are ecolog-
ically identical and have distinct diffusion rates {d;}}¥,, there are choices of {d;},
for which the slowest disperser is able to competitively exclude the remainder of the
species. In fact, the choices of such diffusion rates are open in the space of finite sets
of R, endowed with the Hausdorff topology. Our result provides some evidence in
the affirmative direction regarding the conjecture by Dockery et al. in [21].

Appendix A. The normalized principal Floquet bundle.

A.1. Existence and uniqueness results. Let 2 C R™ be a smooth bounded
domain, and consider the linear parabolic operator of nondivergence form:

(A1) Opp — Lot = Ot — ag(w, )02, 0 — by (2, )00, — (1)
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with oblique boundary condition

(A.2) Bip = pi(x, )0z, ¥ + po(, )1,

where repeated indices are summed from 1 to n; the coefficients a;;, b, ¢, p; are con-
tinuous in x, ¢ and satisfy for some A > 1

1
(A.3) IR < 0@, )66 S AP forze @, teR €ERT,

a%znprO(x’t) >0 and 1anfR vi(x)pi(z,t) > 0,

o

where (v(x))?_; is the outward unit normal vector on 9.
We recall the existence and uniqueness of the normalized principal Floquet bundle.

THEOREM A.1. Suppose
aij,bjc € OPPI2(Q xR)  and p; € CHHAUFA/2(90 x R).

Then there exists a unique pair (Y (x,t), Hy(t)) € C*HAITA/2(Q x R) x CP/2(R)
satisfying, in classical sense,

Oy — Ly = H(t)y  forx e, teR,

By(x,t) =0 forx € 00, t € R,
(A4)
Y(x,t)dx =1 fort e R,
Q
Y(x,t) >0 forxeQ,teR.

Furthermore, there exists C' independent of t such that
1
(A.5) c <1(z,t) <C  forallz e Q,t eR.

Proof of Theorem A.1. By [563, Theorem 2.1(iii) and Corollary 2.4] (which used
the abstract theory in [55]), the problem

Oh — Lyp =0 forx € Q, t € R,

Byp(x,t) =0 for z € 90, t € R,
(4.6) / (e, 0)dz = 1,

/o

Y(x,t) >0 forreQ teR

has a unique positive solution TZJ(CC,t). By the standard parabolic regularity theory,

one can observe that ¢ € Clzotﬂ A/ >(Q x R). Furthermore, the uniform Harnack

inequality [32, Theorem 2.5] holds, i.e., there exists C' such that

(A.7) sup ¢ (x,t) < C inf ¢(x,t) for all t € R.
e z€Q

We proceed to define the normalized principal Floquet bundle (v, Hy) by

_ Jo vt da

Hit) = —% [loquﬂ(-nf)\ LI(QJ T

(A.8) Uy (x,t) == exp </Of Hi(s) ds) ().
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Then it is immediate that H; € C’B/Q(R) and ¢; € 01204;6,1-5-/3/2(@ x R) and that

loc

(11, Hy) satisfies (A.4). To conclude the proof, it remains to show that
(A.9) [Hillcsraey <C and  [[1llessaserz@um < C-
CLAIM 5. There exists C independent of tg € R such that

(A.10) sup  (z,t) < ellle sup (z, ty).
QX[to,t0+1] zEQ

Fix to € R, and observe that ¢*(x,t) := ell°ll=t sup,, 7,Z~1(o,t0) and z/?(:c,t) forms a
pair of super and subsolutions to (A.6). Thus (A.10) follows by comparison.

CLAIM 6. There exists C independent of tg € R such that

(A.11) sup  P(x,t) < Cinf P(x, to + 1).
Qx[to,to+1] €0

Fix an x¢ € €, by the usual parabolic Harnack inequality [24, Theorem 2.2]; there
exists C1 > 0, m € N independent of ¢y € R such that (xg,tg) < C1¥(zo, to + 1/m).
Taking Cy = (C1)™, we have
(A.12) (0, t0) < Coth(xo, to + 1).

Combining (A.7) and (A.12), we have
sup ,J}(a tO) < CB H(lzfizj(v to + 1)
Q

Now, using also (A.10), we obtain (A.11).
By parabolic estimates, there exists C' independent of ¢ € R such that

(A.13) H1E||cﬂ,ﬂ/2(ﬁ><[t_1/2,t]) + Hat"/;HcBﬁ/?(ﬁx[t_1/27t]) < C|‘1Z||L°°(Q><(t—1,t))'

Combining with (A.11), we have

||1/~)||cﬁ,ﬁ/2(§x[t_1/2,t]) + ||at1/;\|cﬂ,ﬁ/2(§x[t_1/2,t]) < C/Qiﬁ(%t) dx

for some constant C' that is independent of ¢ € R. In particular, if we define

F(t) ::—/Qﬁtd;(a:,t)dm and  G(t) :z/ﬂi/;(a:,t) dz,

then there is C independent of ¢ such that

[F(t) — F(s)] | |G(#) = G(s)]

F(t

< CG(t) forselt—1/2,t).

Since Hy(t) = F'(t)/G(t), we obtain [|H;|c®) < C and

[Hi() —Hi(s)| o 1 |[F@) = F(s)| _|F(s)] |G(E) = G(s)|

|
<C
[t —s|P/2 — G) |t—s|f/2 G(s)G(t) |t—s|#2 —

for s € [t — 1/2,t). This proves the first half of (A.9).
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Next, it follows from (A.7) and (A.8) that
P1(y,t) < Cp(z,t) forall z,y € Q, t € R,

where C' is independent of z,y,¢. By fixing z,t and integrating over y € €Q,
1= / U1(y,t) dy < C|Qyr(z,t)  forall z € Q, t € R,
Q

where we used the normalization fQ ¥1(y,t) dy = 1. This proves the lower bound of
(A.5). The upper bound can be proved in a similar manner.

Finally, the second half of (A.9) follows by applying Schauder’s estimate on (A.4),
using Hy € CP/2(R) (the first half of (A.9)) and ||¢1 | z=(@xr) < C (from (A.5)). O

A.2. The decomposition and exponential separation. For fixed § € (0,1)
and given functions a;j,b;,c € CHP/2(Q x R) and p € C1HAU+A/2(Q x R), let
(¢1(x,t), H1(t)) be given as in Theorem A.1. Consider the nonautonomous problem

Oou— Lyuw=Hi(t)u forzeQ, t>s,
(A.14) Biu=0 forx € 00, t > s,
u(zx, 8) = ug(x) for z € Q.

In the notation of [50, Chapter 6], we will henceforth regard (A.14) as a nonautonon-
mous problem and denote the corresponding evolution operator by U(t, s) such that
for t > s, u(z,t) = U(t, s)[uo](z) is the unique solution to (A.14). It is immediate
that for the normalized principal Floquet bundle 1, we have

(A.15) U(t,s)[1(-,8)] = ¥1(-,t)  whenever ¢ > s.
Define, for each t € R, X' (t) := span {1 (-,?)}, and
X?(t) == {uo € L*(Q) : U(¢,t)[uo](z) has a zero in Q for all { € (t,00)}.
Then X1(t) and X?(t) are forward-invariant under U (t, s), i.e.,
Ut,s)(X'(s)) = X*(t) and U(t,s)(X%(s)) C X2(t) fort>s.
Also, it follows by [32, 33] that
(A.16) L*(Q) = X'(t)® X?(t) for each t € R.

By (A.5) and the normalization ||U(t, s)¥1(-,5)|1 () = ¥1(-,8)[L1 () = 1, there is
C such that

U, 8)v1(-, 8)||L2) < Cllvr(-,8) |2y for any t > s.

It then follows from [32, Theorem 2.1] that there are constants C,~ > 0 independent
of time such that

(A.17) |U(t, s)voll 2y < Ce =9 |jug||p2(q)  for t > s and vy € X2(s).

Let 8 > 0 be as given at the beginning of the appendix. In the following we will
impose one of the following additional assumptions: -
(H1) The coefficients a;;, p; are independent of ¢, and a;; € CP(Q), bj,c € CP:B/2
(2 x R), pi € C*F(0QY); or
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(H2) a;j,bj,c € CHUFA2(Q x R), p; € CHHAHOHH/2(90 x R) N C20(9Q x R).
We recall the following optimal regularity result concerning (A.14).
LEMMA A.2. Assume a;;,b;, c satisfies (A.3) and one of (H1) or (H2). For each

T >0and0 < «a < 1, there exists a constant C independent of s € R and ug € C(9)
such that the solution u to the nonautonomous problem (A.14) satisfies

[ull gaarz@xis, sy < Crlluollce )

Proof. Let the sectorial operator £; and boundary operator B; be given by (A.1)
and (A.2), respectively. For each ¢, the domain of £; is given by

D(Ly) = {¢> €[ W>P(Q): Lig € C(Q), and Big|,, = o}

p>1

= {(b € ﬂ W2P(Q) : ag(-, )02, ¢ € C(Q), and Bio|,, = 0} ;

p>1 ’
which can vary with time. By [2, Theorem 6.2] (see also [50, Theorem 3.1.30]),
(A.18) (C(Q); D(L1))aj2,00 =C*() for0<a<l,

where for § € (0, 1), we denote (X,Y)p o to be the real interpolation space between
X DY with its usual norm (cf. [44] and [50, section 1.2.2]).
Under assumption (H1), B; and thus the domain of L, given by

D(Ly) = {<z> € [YW*P(Q) : a;j()85,,,0 € C(Q), and pod + pida, &5 =0}a

p>1

are independent of ¢. In this case, it follows from [50, equation (6.1.19) and Corollary
6.1.9(iii)] that ¢ — U(t, s)[ug] belongs to L= ([s, s+T); C*(Q))NC*/%([s, s+T]; C°(Q)).
Hence, u(z,t) = U(t, s)[uo](z) € C*/2(Q).

Next, we consider the case (H2). In this case, D(L;) is time-varying. However,
by (A.18), the interpolation space (C(Q), D(L¢))a 2,00 remains constant in time for
each 0 < o < 1. In this case, the method due to Acquistapace [4] proves the existence
of an evolution operator U(t,s) in the Banach space X = C(Q). Let up € C%(Q)
be given for some 0 < a < 1. Then, [4, Theorems 4.1(iii) and 4.2(iii)] says that
t > U(t,s)[uo] belongs to L>([s,s + T];C*(Q)) N C*/2([s,s + T]; C°(Q)). Hence,
u(z,t) = U(t, s)[uo](z) € C**/?(Q). We remark that the hypotheses T and IT of [4]
are verified in [1, Example 2] and [3, Theorem 7.9]. This is where the additional
Hoélder regularity of a;j,b;, c in time, with an exponent greater than 1/2, is used. 0O

Next, we discuss time and space regularity of the two projections P?(t).

LEMMA A.3. Assume a;j,b;,c satisfies (A.3) and one of (H1) or (H2). Fori =
1,2 and t € R, let Pi(t) : L?>(Q) — L%(Q) be the projection operator corresponding to
the decomposition given in (A.16).

(a) There exists a constant 4 independent of t such that fori=1,2,

1P @)l on @ + PO e < Cill il

for every f € L ().
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(b) There exists a constant Cy independent of to € R such that
1P O] = P (to) [l oy < Coll fll st — tol?

for all t € [to,to + 1] and all feCch@).
(c) For f € CPP/2(Q x R) and i = 1,2, the mapping

(z,t) — PYO)[f(-,0)](x) is bounded in CPP/3(Q x R).
Proof. For assertion (a), observe from the identity P2(t)[f] = f — P'(t)[f] that

IP2@)[ 1l ooy < [l + 1P O]z @)

S0 it remains to show

(A.19) IP* @) Allos @ < Cll il -

Given f(z) € L>(Q), we write

(A.20) PY®)[f1(z) = o)y (2, t) forz e Q, t eR.

Since 1, € C?TA1+8/2(Q x R), it suffices to show that

(A.21) sup |o(t)| < O fll ()
teR

with some C independent of ¢. Since P2(t)[f] has to change sign on ©,

f(x) — o)y (2, t) = P2(t)[f] changes sign on €.

In view of the bound (A. 5) we deduce (A.21). This proves (A.19).
For assertion (b), let f € C?(Q) be given. Recall that U(t, s) denotes the evolution
operator to (A.14). Recalling (A.20), then

f(x) = P'(to)[f)(x) + P*(t0) [f)(x) = o (to)¢1(to, @) + P*(to)[f](2);
then the forward-invariance of X1(t) and X?2(t) under U(t, s) implies
U(t,t0)[f](x) = alto)tr (t,@) + P*($)[U (. t0) [f])(x),

where we used U(t,to)P?(to) = P2(t)U(t,to). Taking P(t) on both sides of the
above, we get

(A.22) P (L, to)[f1)(x) = o to)n (t, ).
Hence,
1P (@)[f] = P (t0) [ 1l ooy
< |PY O] = PO t0) [l cog@ + lo(to) @1t -) = ¢1(to, ))ll oo

= P* ) = Ut to) [l o + lo (o)l - 1 (t, ) = w1 (o, )l cogay
< C|f() - Ut to)[f]”Loo(Q) + C||f||L°°(Q)|t — to|A/?
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< C {[U(t, tO)[f]]CB,B/2(§><[t07tO+1D + ||f||L°°(Q)} |t - t0|ﬁ/2

< C||f”cﬂ(§)|t - t0|6/27
where the first inequality follows from (A.20) and (A.22), the second inequality from
(A21) and ¥ € CPP/2(Q x R) ¢ CP/2(R;C°(Q2)), and the last inequality from

Lemma A.2. -
Next, we show assertion (c). Let f € C#P8/2(€) x R) be given, and define

g(,t) = PLOf (-, ) ().

By part (a), we see that g € L®(R;C”(Q)). It remains to establish the Holder
regularity in time, i.e., g € C/2(R;C°(Q)). On the one hand, for ¢ — ¢y > 1, we have
195 8) = g(sto)llco@y < 2019l oo ico ) It — to]?/.

On the other hand, for 0 <t — ¢y < 1, we apply (a) and (b) to get

lg(t) = g(, o)l com)
< PO Ct) = Fto)llo + IPHOL (5 t0)] = PH(to)[f (5 o)l oo
< CIfCt) = Fto)lle) + CIFC to)llcs @)t — to|*/2
< C|flossr@xmlt — tol?.
Hence, g € CP/2(R; C°(Q)) N L=(R; C#(Q)) and thus g € C#8/2(Q x R).

Finally, since P2(t)[f(,t)](z) = f(x,t) — g(x,t), we conclude that (x,t)
P2(t)[f(-,1)](x) belongs to CFP/2(Q x R) as well. |

A.3. Smooth dependence on coefficients. Define the spaces

M

coeff T

{(aij, bi,c,p;) € COQ) x [CPP/2(Q x R)? x C1+4(9Q) : (A.3) holds}

and Xégiﬁ« as the corresponding subset of [CH(1+8)/2(Q) x R)]3 x C2:(1+8)/2(9Q x R).
They correspond to hypotheses (H1) and (H2). Proposition 5.2 is a particular case of
the following result.

PropPOSITION A.4. For k =1 or 2, the following mapping is smooth:

& _
xWo 5 CHOEEQ X R) x CP2(R),
A = (aij,bj, ¢, p;) — (1, Hy).

Proof. We denote ¢ = ¥1(x,t; A) and Hy = H;(t;.A) to stress the dependence
of the normalized principal Floquet bundle on the coefficients A = (a;5,b;,¢,p;) of
Ly, B;. In the following, we will prove the smooth dependence. (We remark that the
continuous dependence of (¢1, Hy) on A follows from the uniqueness of the pair and
standard parabolic regularity; see [32] for details.) Consider the mapping

F o CptPPR@ X R) x CPP(R) x Xeport ™

— CPPI2(Q x R) x C'TP2(R)

that is defined by

Fp(x,t), H(t), A) = ( Op(x,1) fﬂﬁtll;(a; gx _fi(t)w(:r,t) ) ,
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where

CLHOITPR O X R) = {u € CPHPIHA2(Q X R) : Biu=0 in 0Q x ]R} .

Then, for each fixed A = (ai;,b5,¢,p;) € x%®

coeff?
]:(wl('v ';A)7H1(';A)?A) =0
To prove the smooth dependence on A, it suffices to show that

(A.23) D(%H)}— = D(w7H).F(¢1(', 3 .A), Hl('; .A), .A),

as a mapping from C?_ﬁ’HB/Q(ﬁ x R) x C8/2(R) to gﬂ’ﬁ/Q(ﬁ x R) x C'TA/2(R), is
invertible. To this end, given (f(x,t),G(t)) € C#P/2(Q x R) x C'A/2(R), we need

to prove the existence and uniqueness of (w(z,t),Y (¢)) in the class CZ,JFB’HWQ (2 x
R) x CP/2(R) such that

Ow — Lyw — Hyw =Y ()1 = f(x,t) forteR, z€Q,

(A-24) / w(x,t) de = G(t) for t € R,
Q

where H; = Hy(t;A) and ¢ = 91 (z, ;. A). First, we show the existence. We start by
choosing w as
t
wHet) = [ U@

where, for i = 1,2, P* : L?(Q) — L?(Q) is the projection operator corresponding to
the decomposition given in (A.16), as discussed in Lemma A.3. We claim that w is
well-defined. Indeed, by (A.17), we have

’/_; U(t,7)[P*(T)[f (- )]l dr

sup [|wh (-, )] L2y < sup

teR L2(Q2)
t
< Csup / e £, 7)o gy T
teR J —0
(A.25) < Cswp £ 1)z (@) < o0,
S

where we used (A.17) and Lemma A.3(a) to get the second inequality. Moreover,
since w defines an entire solution of dwt — Lwt — Hy(H)wt = P2(t)[f(-,t)] with
homogeneous oblique boundary condition, and the right-hand side PZ2(t)[f(-,t)] is
bounded in C%#/2(Q x R) (by Lemma A.3(c)), it follows by parabolic regularity

estimates [43, Chapter IV, Theorem 4.30] that w' € C§+ﬁ’1+5/2(§ x R). Next, define
w e C;+5’1+ﬁ/2(§ x R) to be

w(x,t) = wt(z,t) + {/Q wh(y,t) derG(t)] V1 (z,t).

Then w satisfies the second part of (A.24). Moreover, we have

8tw — Lw — Hl(t)w

=P+ {5 | [ et wna] +ow e,
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It therefore suffices to choose Y (¢) such that
Ypintod) + PO = {5 | [ o]+ o0 fueo,

Note that Y € C#/2(R) by using the C?*#:1+8/2 regularity of w and Lemma A.3(c).
Then (w,Y) € C;Jrﬁ’Hﬁ/z(ﬁ x R) x CPB/2(Q) x R) satisfies (A.24). This proves
existence.

For the uniqueness, set f = 0 and G = 0; then using the the variation of constants
formula for yw — Lw — Hy (t)w =Y (t)¢1(z,t), we get

w(-,t) =U(t, s)w(:,s) +/ U, n)[Y ()1 (-, 7)) dr
—Ultsul,9) + [ YO D) dr
=U(t, s)w(-,s) +/ Y ()1 (-, t) dr
=U(t, s)w(-,s) + [/ Y (1) dT:| 1(-,t)  fort > s,
where we used (A.15) for the third equality. Hence, we deduce
(A.26) w(-,t) =U(t, s)w(,s) + [/ Y (1) dT:| P1(-,t)  for any ¢ > s.
Next, apply the projection P2(t) on both sides of (A.26);
P20)w(-, )] = PP)[U(t, s)w(-,5)] = U(t, s)P*(s)[w(-, s)],
provided t,s € R and ¢ > s. This implies
P2

(A.27) < Ce (=)

< Ce(t=9)

L2()

P2(s)[u(-,s)]|

w(-,S)HL @ < Ce (=9

L2()

where we used (A.17) for the first inequality, Lemma A.3(a) for the second one, and
the fact that w € C?**A1+8/2(Q x R) for the third one. Letting s — —oo in (A.27),
we deduce that P?(t)[w(-,t)] = 0 for each t € R. Hence, w(-,t) € X'(t) and thus
w(-,t) = o(t)1(+,t) for some function o(t). Now, using G(t) = 0, the second equation
in (A.24) gives

0= /Qw(x,t) de =o(t) /Q Y1(x,t)de = o(t)

for each ¢t € R. This implies w(x,?) = 0. Substituting into (A.26), we have
t
/ Y(r)dr=0 foranyt,seR, t>s,

which means Y (¢) = 0 as well. This proves uniqueness.

Having shown that D(y gy F given in (A.23) is an isomorphism, we may apply
the implicit function theorem to conclude the smooth dependence of the normalized
principal Floquet bundle (¢ (x,t), Hi(t)) on the coefficients A. This concludes the
proof. 0
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